This note is a study of unitary equivalence of invariant subspaces of H 2 of the polydisk. By definition, this means joint unitary equivalence of the shift operators restricted to the invariant subspaces.
0. The classic paper of Beurling [4] led to a spate of research in operator theory, H p theory, and other areas, which continues to the present. Although Beurling's answer to the problem of spectral synthesis was negative, his explicit characterization of the invariant subspaces of the unilateral shift, in terms of the inner-outer factorization of analytic functions has had a major impact. Since the Hardy space for the unit disk is the primary nontrivial example for so many different areas, it is not surprizing that this characterization has proved so important.
Almost everyone who has thought about this topic must have considered the corresponding problem for H 2 of the polydisk. Although the existence of inner functions in this context is obvious (in contrast with the case of the ball), one quickly sees that a Beurling-like characterization is not possible. Most results on this problem have gone unpublished [10] , except for the book of Rudin [11] , and many results are counterexamples. One exception is a characterization, by Ahern and the second author, of invariant subspaces having finite codimension, as the closure of the ideals in C[z v ... ,z N ] of finite codimension; [2] . In this note, we eschew the goal of characterizing all invariant subspaces in the polydisk and instead investigate equivalence of invariant subspaces in N variables, under joint unitary equivalence of the restrictions of the N coordinate shifts. Put another way, we shall consider the problem of characterizing the (inequivalent) submodules of the Hardy space over the polydisk algebra. The existence of nonunitarily equivalent submodules is directly related to the failure of inner functions to characterize invariant subspaces; [7] . We believe that this may be a worthwhile approach to this problem. A discussion of this point of view has been published by M. Cowen and the third author in [8] .
The first result on nonunitarily equivalent invariant subspaces is due to Berger, Coburn and Lebow [3] , who considered the restrictions of multiplication by the coordinate functions to the invariant subspaces obtained as the closure of certain ideals in C[z v z 2 ] having the origin as zero set. By applying their results on commuting isometries, they showed that different ideals yield inequivalent invariant subspaces. In [7] , Cowen and the third author reproved these results using their complex geometric approach to operator theory. In his Dissertation [1], the first author extended these methods to cover the invariant subspaces defined by most ideals in C[z v z 2 ] with zero set consisting of an arbitrary point in the bidisk. This proof is indicated in §5 below. 
= 1
Note that for any subspace ~# of / 2 (Z+) and any n we have inclusion of the left side of (2) K v s:
7-1 7=1
and since Jί has full range, it follows that
Taking intersection over n = 4. Carrying our polydisk function theory ideas a little further allows us to obtain the promised result on inclusion of invariant subspaces.
Proof. Unitary equivalence of M x and ψJί λ is obvious. Conversely, if Jί λ 2inάJΐ 2 are unitarily equivalent, φ is the unimodular function given by Lemma 1, and / is a nonzero function in
Using an idea of Schneider [12] , we shall prove this implies φ e i/°°(T N ). We set g = φf and extend φ to those 2 in D^ where f(z) Φ 0 by defining Since the right hand side is independent of k, this proves |φ(z)| < 1. Now the fact that φ(z) = g(z)/f(z) is holomorphic in D^ follows from Hartogs' theorem. Thus φ is holomorphic in D^, bounded in modulus by 1 and unimodular on T^, which proves that φ is inner.
The next proposition gives the generalization of Corollary 3 referred to in Remark 2. Proof, As might be expected, the proof combines the ideas of the proofs of Propositions 2 and 3.
Let φ be the unimodular function given by Lemma 2 ] have the property that they are unitarily equivalent if and only if they are equal. The methods used from complex geometry offer the possibility of a much more detailed analysis of these invariant subspaces than the results obtained above. This is the reason we include them here.
Recall that in [6] In [6] it is proved that the curvature of this bundle is a complete unitary invariant for the pair &~.
The relevance of this to the study of invariant andq r+ι = -1.
Proof. One can reduce the proof of SΓ p q λ G 33 λ to the case (λ 1? λ 2 ) = (0,0) using a pair of Mδbius transformations on D and then apply the result for this case proved in [7, p. 20] . The curvature calculation is done using the orthonormal basis for H 2 (Ί), a part of which forms a basis ίoτJί pq χ. , to show that equality of the curvatures implies that p = r, q = s and (α 1? α 2 ) = (β l9 β 2 ). We will not go into details.
As mentioned earlier, the curvature contains encoded all the data for the invariant subspace, up to unitary equivalence, and should prove useful in a more detailed study. We hope to return to this at some later date.
